In this paper, we study the issue of process creation from an algebraic perspective. The key to our approach, which is inspired by work of America and De Bakker, consists of giving a new interpretation to the operator symbol (sequential composition) in the axiom system BPA of Bergstra and Klop. We present a number of other models for BPA and show how the new interpretation of. naturally generalises the usual interpretation in ACP. We give an operational semantics based on Plotkin style inductive rules for a simple language with process creation and communication, and give a complete finite axiomatisation of the associated bisimulation model.
Introduction
In process algebra theories like CCS (see [M1, 2] ), CSP (see [H] ), Meije (see [AuB-] ) and ACP (see [BK3] ), not much attention has been paid so far to the concept of process creation. Instead, parallel composition is used as a primitive constructor of concurrent systems. In Smolka and Strom [SS] and Vaandrager [-Va] , process algebra semantics is given for languages with process creation (NIL resp. POOL), but there the process creation construct is translated to an architectural expression with parallel composition.
A first attempt to deal more directly with process creation in an algebraic setting is described in Bergstra [B] , where the axiomatic system ACP is extended with a mechanism for process creation. The key axiom here is
Eo(cr(d). x) = er (d). E,(qS(d) ][ x).
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The operator Er denotes an environment in which process creation can take place. If an action cr(d) is performed in this environment, a process tk(d) is created and placed in parallel with the remaining process.
Since process creation is an important concept, present for instance in Ada [ANSI] , NIL, POOL and Unix [UNIX] , it seems worthwhile to look for a more direct and compositional treatment of process creation which does not need a global environment like an E~-operator. Here, we profit to a large extent of the work of America and de Bakker [AB] . The simple but crucial observation which they make, is that in order to give a compositional semantics to process creation, one has to interpret the sequential composition differently. As an example consider the expression
a. new (b. c). d.
The intuitive semantics of this expression is a process which first performs a, after which a new process is created doing b followed by c. The newly created process executes in parallel with the continuation d. Thus, the traces of this process are abcd, abdc and adbc. Consequently, we cannot interpret x.y as 'first do x and then y' (as is usual), because in a setting with process creation process x may continue after process y has started.
For this reason, in America and De Bakker [AB] , a new semantic operator : is introduced, which serves as the interpretation of 9 in a setting with process creation. In the algebra for process creation that we present in this paper, we will interpret the 9 as a continuation operator in essentially the same way as in [AB] . After a preliminary section about structural operational semantics, we give, in Sect. 3, an extensive overview of a number of other interpretations of .. Our motivation for including this overview is that in this way, we can show how our continuation operator naturally generalizes existing interpretations of the 9 symbol. What all the considered interpretations have in common, is that in a setting with alternative composition (+), they satisfy the axioms of BPA (Basic Process Algebra) of Bergstra and Klop [BK1, 2, 3] :
x+y=y+x (x+y)+z=x+(y+z) x+x=x (x+y).z=x.z+y.z (x.y).z=x.(y.z).
Most of the discussion of this paper takes in the setting of interleaving semantics. However, we show that a particular interpretation of. as sequential composition (like in ACP) and also our interpretation of. as continuation, can both be lifted in a natural way to the world of event structures of Winskel I-W] . In both these interpretations, we have an instance of action refinement in the sense of [CDP] and [GG] . In fact, and this is surprising, sequential composition and continuation have the same definition on event structures, only sequential composition is defined on a more restricted domain of processes. Hence the rather substantial differences between the two operators on the level of interleaving semantics almost disappear on the level of 'True' concurrency. Whereas in America and de Bakker FAB] operational as well as denotational models are presented (and proven to be equivalent), we concentrate on operational models in this paper. As is done in [AB] , we use Plotkin-style rules for the operational semantics. There are a number of differences, however.
First, we want all rules to be as simple as possible, and each rule should embody a clear intuition a certain operator. Therefore, we reject a rule like (..., (Sl; s2); r ..... w) ~ (..., sl; (s2; r), ..., w), which occurs in [AB]: we think it is not part of a natural operational intuition about the ;-operator that, during an execution, brackets can move to the right.
A second design criterion that we used in the construction of our operational semantics is that all rules should be in the tyft/tyxt format of Groote and Vaandrager [GV] . This format poses certain restrictions on the inductive rules which guarantee that bisimulation equivalence is a congruence. Thus, any set of rules in tyft/tyxt format immediately induces an abstract compositional semantics. Our third design criterion was that the transition systems generated by the inductive rules should contain no silent or internal steps. If such transitions are present, one is more or less forced to say something about the nature of z and to choose whether one adopts all of Milner's z-laws or only a few of them. We prefer to separate the issue of abstraction from other concerns.
In Sect. 4, we present operational rules for a simple language APC for concurrent communicating processes with process creation. We claim that these rules meet all the requirements above. An interesting feature of these rules is that one of them has a lookahead of more than one action: in order to compute the initial transitions of process x.y, one needs information about the first two transitions of x. This implies in particular, that our 9 operator is not definable up to (strong) bisimulation equivalence in terms of CCS, CSP, Meije or ACP (see 4.9).
In Sect. 5, we present a sound and complete axiomatisation of the bisimulation semantics induced by the rules for APC. This axiomatisation uses a number of auxiliary operators.
With some examples, we illustrate in Sect. 6 how APC can be used to specify concurrent systems, and how identities between processes can be proved algebraically.
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Preliminaries
An important tool that we will use in this paper to define the semantics of various languages is the SOS method (for Structural Operational Semantics) of Plotkin [P1] . We will take a somewhat 'denotational' approach to this method by viewing a collection of Plotkin style rules primarily as a way to define operations on process graphs (or rooted labeled transition systems). In this preliminary section we will recall some basic definitions from the theory of SOS. As a new contribution to the theory, we introduce a new format of rules with rather nice properties, and moreover include a precise definition of how a Plotkin style transition system specification determines operations on process graphs.
Terms
We start with two disjoint countably infinite sets: a set V of variables with typical elements x, y, z .... and a set N of names with typical elements c, f, g, s, t, .... A signature Z is a subset of N x N. An element (f, n) eS is a function symbol of arity n. A function symbol of arity 0 is often called a constant symbol. The set of (possibly open) terms over a signature Z is the smallest set with the properties:
. t,~T(S)~ f (t~, ..., t,)~T(S).
T (S) is the set of closed terms over X, i.e. terms in 317(Z) that do not contain variables. A substitution ~ is a mapping from V to ql?(Z). A substitution extends in the obvious way to a mapping on T(X).
Transition system specifications
Let A be a given set of labels and let Z be a signature. The expressions above the line are called premises and the expression below the line is called the conclusion. We will refer to (f, n) as the type of the rule and to t as the target.
In this paper, a transition system specification (TSS) over A is defined as a pair P =(Z, R) with S a signature and R a set of sequence rules over A, such that for each type, R contains only finitely many rules. The notions 'substitution' and 'closed' extend to transitions and rules as expected. By 31"SS(A) we denote the set of transition system specifications over alphabet A. We use the notation P@Q to denote the componentwise union of TSS's P and Q.
The Bloom, Istrail and Meyer [B1M] argue that rule systems with lookahead behave badly and lead to infinitely branching and undecidable transition relations. However, we will see below that any TSS in the above format induces a finitely branching transition system. Moreover, if the signature and the set of rules are finite, then the transition relation can be effectively computed. Thus we feel safe to use this type of rules in the rest of this paper. Use of the generalised transition relation ---allows us to give a concise definition of the notion of TSS that we employ in this paper. For historical reasons however, we prefer to present actual rules in a slightly different form. Instead of
we write
The reader should have no difficulties to relate the different presentations.
Derivability
Let P=(X, R) be a TSS. A proof of a (generalised) transition ~ from P is a finite tree of which the nodes are labeled by transitions or generalised transitions in P, such that:
9 the root is labeled with ~b; 9 if Z is the label of a node q and {ziJieI} is the set of labels of the children of q, then there is a rule r which is either a rule in R or a rule for transitive closure, and a substitution ( such that Z=((r and Zi= ((r for ieI.
If a proof of ff from P exists, we say that ~k is provable from P, notation Pkr Alg(P, A) is the S-algebra which has domain G(A) and which associates to a function symbol f with arity n in S the n-ary operation fp. Alg,,,(P, A) denotes the (unique) minimal subalgebra of Alg(P, A).
Labeled transition systems

Definability
Let op be an n-ary operation on G(A), let ,~ be an equivalence relation on G(A) and let ~_cTSS(A) be some format of transition system specifications. We say op is definable in the format ~ up to equivalence ~, iff there exists some TSS Pe~ and n-ary f in the signature of P such that for all gl ..... gn~G(A) we have op(gl ..... g,)~fP(gl, ..., g~). 
Bisimulation
Its(g)Glts(h): root(g) ~---root(h).
This definition extends in the obvious way to G(A). Let P=(2;,R) be a TSS. Two terms t,t'eT(Z) are bisimilar with respect to P, notation P:
Lemma Let P=(S,R) be a TSS. Then bisimulation equivalence is a congruence on T(Z).
Proof. Since our format of rules is a restricted version of the tyft/tyxt format, this lemma is just a special case of Theorem 5.10 of [GV] , the congruence theorem for the tyft/tyxt format.
Let T(S) denote the free term algebra over signature Z (there is a slight overloading here as T(Z) also denotes the set of closed terms over Z). The above lemma implies that the quotient algebra T(S)/---~ is well-defined.
2.12 Lemma Let P=(Z,R) be a TSS over A, let teT(Z) and let I-g] be the interpretation of t in Alg (P, A). Then g ~---graph (t, P).
Lemma Let P be a TSS over A. Then bisimulation equivalence is a congruence on Alg(P, A) and Alg,,s(P, A).
Proof. By straightforward inductive arguments, use Lemma 2.11 and Lemma 2.12.
So also the quotient algeras Alg(P, Aft*--' and Algms(P, A)/~--~--are well-defined. Using the above lemmas it is easy to establish that Algm~(P, A)/~---is isomorphic to T(.Y)/~-~.
Basic process algebra
3.1 The aim of this paper is to give an algebraic treatment of the feature of process creation. The key to our solution consists of giving a new interpretation to the operator symbol 9 in the axiom system BPA (Basic Process Algebra) of Bergstra and Klop [BK2, 3] . Therefore, we start with a review of BPA. We will see that there exist at least five very different interpretations of the operator symbol .. One thing that all these interpretations have in common is that the laws of BPA are satisfied, and this similarity may be considered as a surprising fact.
3.2
The signature of BPA, ~BPA, contains a given finite set A of actions (we assume finiteness of A in order for our operational semantics to give rise to TSS's in the sense of 2.2). These actions, denoted by a, b, c, ..., are constants in the language. Further, the signature of BPA has two binary operators: sum, denoted +, and product, denoted .. Processes x, y .... constructed with these operators will always satisfy the axioms in the following equational specification BPA.
Of all operators, 9 will always bind the strongest, and + the weakest. Thus, x. y + z means (x. y) + z. We often write x y instead of x. y.
3.3
In the ACP framework of Bergstra and Klop [BK2, 3] , the elements of A are often called atomic actions, the + operator is called alternative composition, and the 9 operator is called sequential composition. The intuition is that occurrences of actions a, b .... are events without positive duration in time; they are atomic and instantaneous. The interpretation of (a + b). c is a process that first does either a or b and, second, performs the action c after which it is finished. Since time has a direction, product is not commutative; but sum is, and in fact it is stipulated that the options possible in each state always form a set (axioms AI, A2, A3). The other distributive law x(y+z)=xy+xz is not included, because the moment of choice between y and z in the two processes is different.
We would like to stress again that this is just one possible interpretation of the elements of the signature of BPA.
Sequential composition with one mode of termination
We will now present our first model for BPA. It is given by a TSS over labels A. The intended meaning of x--% y is that process x may perform an a-action, and thereby evolve into process y.
In order to define the model, we have to extend the signature of BPA with an auxiliary constant 6. T(~rBpA,~) is the set of closed terms over this extended signature. In the ACP framework, 6 is called deadlock. This name suggests a particular intuition about the behaviour of this process which is not in accordance with the interpretation of 6 in our first model. Rather, 6 plays the same role as NIL of CCS (see Milner [M1] ). In all models that we present in this paper, the constant 6 is characterised operationally by being unable to perform any actions, i.e. 6 ", x for no a, x.
As a next step in the construction of the model, we define for each a in A a transition relation between terms in T(SBpAa). The intended meaning of t ", t' is that process t may perform an a-action, and thereby evolve into process t'. We write t-~ to denote that t has no outgoing transition (so 6%). The transitions are defined via the inference rules of Table 2 . 
A non-trivial aspect of this definition is the appearance of negative premises. This makes that it is not immediately clear that there exists a distinguished transition relation agreeing with the rules. That such a relation exists in this case is due to the fact that the presence of an outgoing transition of a term only depends on the presence or absence of outgoing transitions from terms of a lower complexity. For more information on TSS's with negative premises, see Groote [Gr] .
The last two rules of Table 2 determine (in the sense of Definition 2.8) the operation of sequential composition with one mode of termination: given two process graphs g and h, g.h is the process graph obtained by appending a copy of h to each endnode of g. Bloom, Istrail and Meyer [BIM] (who also present the above rules for sequential composition) observe that negative prem- ises are needed for the definition of this operator, i.e. it cannot be defined using only rules with positive premises. Below we present a proof of this fact.
Theorem Let A be a set of labels containing at least two elements. Then the operation of sequential composition with one mode of termination on G(A)
is not definable up to bisimulation using a (positive) TSS.
Proof By contradiction. Suppose that this operation, denoted by., is definable. Then there exists some TSS P and a binary function symbol ';' in the signature of P such that for all g, h~G(A), g.h~---g;eh. Let a, b be distinct labels in A and let process graphs g, h, g' be as shown in Fig. 1 .
Since g.h=h is bisimilar to g;~,h, the graph (s;t,P~tss(LTS(g))~ tss(LTS(h))) must contain an outgoing a-transition from its root s;t. Since s has no outgoing transitions, we can transform the proof tree for this a-transition to a proof that u;t has an outgoing a-transition in the graph (u;t, PO) tss(LTS (g'))G tss(LTS(h))), by simply replacing all occurrences of the constant symbol s in the proof by the constant symbol t.
Thus, (each representant of the equivalence class of) g' ;p h has an outgoing a-transition from the root. But this means that g' ;e h cannot be bisimilar to g'. h, since the latter graph can only start with a b-transition. This gives the required contradiction.
We turn the structure of action relations into a model for BPA by means of the notion of bisimulation. The following theorems are standard (see [BK3] ): 3.6 Theorem Bisimulation is a congruence relation on T(,~m,A~ ).
Theorem BPA is a complete axiomatisation of T(z~apA)/~-~-, i.e. for all terms s, t from T(ZBeA) we have BPA~-s=t r T(SBeA)/~---~s=t "*~ S~----t.
Notice that Theorem 3.7 only talks about terms from T(~BpA) , SO terms not involving 6. As was already remarked by Bergstra and Klop [BK1] , axiom A4 is not valid any more on T(SBI, A~ ) (using the valid axiom 6.x=x, we can derive a. b = (a + fi)-b = a. b + 6. b = a-b + b). Therefore, if we want to extend Theorem 3.7 to the case with 6, we have to restrict A4. 
(SBpA~)/~--~--~s=t r S~--~--t.
Sequential composition with one mode of termination is a simple and natural operation on process graphs. However, it turns out that in a setting with parallel composition and communication we often want to interpret the operator symbol 9 differently.
Sequential composition with two modes of termination
Consider a process x.y, where x describes the behaviour of a system consisting of a number of processors which jointly perform some parallel computation. Then it may occur that at some point during the execution of x a state of deadlock is reached, i.e. all processors are waiting for each other, before the computation is finished. Usually, y is not allowed to start in such a situation, even though x has reached a state where no transitions are possible. Process y may start only when process x has terminated successfully. When we talk about sequential composition, we often assume that there are two termination possibilities: successful termination and unsuccessful termination. The sequential composition of x and y starts with execution of x, followed by the execution of y upon successful termination of x. Now there are different ways in which we can make this intuition more precise. We will present three alternatives, before focusing on the third alternative. Consecutively, we consider: a) successful termination as a hidden signal (3.10); b) successful termination as an attribute of actions (3.11); c) successful termination with l/-refinement (3.12).
Successful termination as a hidden signal
Deadlock is considered as an unsuccessful form of termination. If deadlock is characterised by the absence of any possibility to proceed, it seems natural to introduce a special label to indicate successful termination. This special label is denoted 1/(pronounced 'tick'). Next, the behaviour of process a ~A is described by the rules a V) a ~e e 6.
Here, e is a new constant symbol denoting the process that terminates immediately and successfully (e first appears in Koymans and Vrancken [KV] ). We see that the process a first performs an a-transition, and then terminates successfully. The process 6 still has no outgoing transitions and therefore corresponds in this setting with the process which terminates immediately but unsuccessfully. Now what rules can we have for the sequential composition operator? First, we note that it would not be correct to have rules like
x.y "~x'.y x.y r because then we could derive things like
(a.b).c a,(e.b).c V*c ~,e,
which are clearly in contrast with the intended semantics of the sequential composition operator. Hence l/-events performed by the first argument of the 9 operator cannot remain visible. One possible View on sequential composition, which is taken in CCS (see Milner [M1] ), is that l/-events do occur, but that they are 'hidden from our view'. This can be expressed by the following rules:
Here z is the silent move of Milner [M1] . Under this interpretation, the transitions of process (a. b), c are: In this paper we want to deal with concrete process algebra only, i.e. we prefer not to consider the silent move and different alternatives for its axiomatisation and representation by means of action relations. Therefore, we will not pursue the above view on sequential composition any further in this paper.
Successful termination as an attribute of actions
In Brinksma [Br] , a sequential composition operator is presented which is based on the idea that successful termination is a visible attribute of the last action of a process. Slightly simplified, this looks as follows: beside the actions in A, the set of labels also contains the elements of the set Av={al/la~A }. With these rules, the transition system for a]p b becomes as shown in Fig. 2 . It seems almost unavoidable that in a non-interleaved event structure semantics from which the above interleaving semantics is retrievable, there are 4 events a, b, al/, b]/. Furthermore we do not see how to avoid that events a and b are conflicting, whereas event b]/is causally dependent on event a and event al/is causally dependent on event b. But this would be in clear contradiction with the non-interleaved interpretation of a Jjb that one expects intuitively, with two events a and b that are not causally related. Hence, we think that it will be difficult to give a non-interleaved event structure semantics which is compatible with this interpretation of sequential composition.
Successful termination with ]/-refinement
A third view on sequential composition, the view we prefer, is that we have to do with an instance of action refinement as studied e.g. by Castellano, de Michelis and Pomello [CDP] and Van Glabbeek and Goltz EGG] . We again use l/-labels to denote successful termination, and assume we have a process domain where [/-events have no causal successors and are (in an extended signature with parallel composition) moreover not concurrent with any other event. This means that a l/-event, if it occurs, will always be the last action performed by a process. On such a domain the sequential composition of processes x and y can be implemented by refining every l/-event of x to the process y.
We refer to [GG] for a formal definition of refinement on various types of event structures. Here, we only present the action rules which correspond to the refinement view of sequential composition, in Table 3 . In this table (and Groote and Vaandrager [GV] . Let Snpaa~ be the signature that extends BPA with the constant 6, e. By Lemma 2.11, bisimulation is a congruence relation on T(~BpAa,). Notice that the term x' in the last rule can be replaced by 6, but, if we do so, the resulting rule is not a sequence rule anymore.
The rules of Table 3 induce a model for BPA (modulo strong bisimulation). In addition, we can also give an axiomatisation for the theory including the constants 6, e. Let BPAa~ be the theory consisting of BPA together with the axioms in Table 4 . Thus, 6 is the neutral element for alternative composition, e is the neutral element for sequential composition. A7 captures the intuition that a deadlocked process can never perform a successful termination action (notice the difference with A8*!). Note that if we added the distributive law x(y+z)=xy+xz, then we would derive ab=a(b+6)=ab+a6, and so a process with no deadlock possibility would be equal to one that may deadlock, a clearly undesirable situation.
Now we have the following theorem, due to Baeten and Van Glabbeek [BG] .
3.13 Theorem BPAa~ is a complete axiomatisation of T(2;aPxa3/~-~, i.e. for all terms s, t in T(SBpAa,),
In the next section, we will extend this last view on sequential composition to a setting with process creation.
Process creation
Motivation
In 3.12, we restricted our attention to a domain of processes where a l/-event is always the last event in an execution. This was a natural restriction since 9 was interpreted as sequential composition and 1/as successful termination. Now we would like to consider the operation of I/-refinement on a more general domain where V-events still do not have causal successors but with the possibility that a 1/-event is concurrent with a non-1/-event.
These more general processes arise if one has an operation new (x) which removes all [/-events in a process and introduces a new [/-event which is concurrent with the remaining events of x. In such a setting every process can perform at most one [/-event in its lifetime but this is not necessarily the last event. If we interpret a as a process which first does an a-event followed by a [/-event, and the operator symbol 9 as [/-refinement, then we can stepwise construct the interpretation of a. (new (b.c) .d) as in Fig. 3 . One may think of Fig. 3 as a graphical representation of a labeled prime event structure (see I-W] or [GG] for formal definitions). The arrows denote the causality relation 9 The traces of this process are
abcd[/ abdc[/ abd[/c ad[/bc adbVc adbc[/
The reader might notice that what we have achieved now is that we have informally given a denotational semantics (essentially an event structure semantics) of a simple language with process creation 9 Moreover, this semantics agrees with the intuitions concerning process creation that we presented in the introduction. In fact we claim that the semantics is compatible with the semantics given by America and De Bakker [AB] for a uniform and dynamic language (Sect 9 4). In the language of [AB], also alternative composition and #-recursion are present. We have not described an interpretation of these operators on event structures because we do not want to become too technical here. Such an interpretation, however, is standard and described for instance in [W] .
In FAB], the new interpretation of. is presented as an operator "which is able to decide dynamically whether it should act as sequential or parallel composition". We prefer a different intuition because we think that the operator 9 does not introduce a choice or conflict between sequential and parallel composition, but rather that it is a natural generalisation of the sequential composition operator 9 on a domain of processes where 1/may occur in a non-final position.
On the domain of event structures, we give exactly the same interpretation to the operator symbol 9 as in the case of sequential composition 9 The only difference is that the domain of processes is enlarged. When we work with the extended domain of processes, we will call this operation continuation and the [/-event the continuation action (sequential composition and successful termination is not an appropriate terminology now). 
Continuation
We will now give Plotkin style rules, which correspond to the above event structure semantics. It turns out that on this level we do have to change the rules for the 9 operator: since in a product x.y the process x may continue after y has started, we have to introduce an auxiliary operator IP for describing those states where y has started but x is not yet finished (see Table 5 ). Table 5 . Continuation
x-.a.+ x' x--L+ x' y-~ y' x.y---%x'.y x.y---~x'}~y'
The second rule here is a generalisation of the corresponding rule in Table 3 . There, if x v', x', necessarily x' = 6, and the term 6 I~ Y' has the same transitions as y'. Now, after term x has executed a ~/event, it need not be finished yet, and the remainder will be executed in parallel with the following process.
The reader may think there is a possibility missing here, viz.
X ]/~Xr a ~X.
x.y ~-,x"lPy "
However, this rule is not in accordance with our view on sequential composition with refinement of [/-events: when y refines the [/-event, any action in place of the l/-event should involve an initial action of y. Moreover, the proposed rule leads to counter-intuitive behaviour: process x should behave the same as process x.~, but if x can perform I/and then a, then x.e can also perform a before [/with the rule above.
Parallel composition
The operator IN is just parallel composition with the additional restriction that only the process on the right-hand side may perform [/-events. This operator is very similar to the parallel composition operator in the theory ACP of [BK2, 3] . In ACP, the parallel composition of x and y can perform a [/-event only if both x and y can perform a [/-event at the same time. When we compose processes x and y by means of our new combinator II, the composition can do a [/-event when y carl do a [/-event.
With respect to interleaving, I~ behaves as one would expect: if one component can perform a certain action, the composition can also perform this action 9 In Table 6 , we present the TSS for J~. We should note that all our operators are defined on the domain of processes that is described above. Thus, any composition of processes that have at most one ]/-event in every execution path, again gives such a process. If one has no objection to operators that lead outside this domain, a symmetric parallel composition can be used, and x JlY is represented by something like O~v~(X)IP y (where ~v~ cancels all ]/'s).
In languages with process creation, parallel composition is mostly not included in the language. It is an auxiliary operator which is present only on a semantic level 9
Process creation
The operator new can be defined by:
Thus, the operator new creates a process that is put in parallel with an existing process. Operationally, new is characterised by the rules in Table 7 . Fig. 4. 
Example The term a. new (b. c). d determines the transition diagram in
Communication
Although the rules of Tables 5-7 gave a simple and intuitive semantics to process creation, this semantics is not very practical. In any practical language with process creation there must be a possibility of communication between a newly created process and the rest of the system. Therefore, we add rules for [[" and 9 which express the possibility of communication.
Like in ACP, we have a given partial binary function 7 on A, which is commutative and associative, the so-called communication function. we say a and b communicate, and the result of the communication is c. If v(a, b) is undefined, we say that a and b do not communicate. In Table 8 , we present the new rules for II and 9 (as before, a, b, c range over A).
We will not discuss here the consequences of the change in the action rules on the level of non-interleaved event structure semantics. It will be clear that 9 can no longer be interpreted as just refinement of [/-events. The construction will now introduce a large number of new events which describe possible synchronisations between the original and the new processes. Thus, the second rule of Table 8 gives the possibility, that after x has done a 1/-event and is put in parallel with the following y, the first action is a communication between x and y.
Encapsulation
As in ACP, we have encapsulation operators gR (for each set H of atomic actions), that block actions from H. These operator are used to block communications with the environment, and remove 'halves' of communication (actions that should communicate) 9 The TSS is straightforward.
Bisimulation
According to Lemma 2.11, bisimulation remains a congruence, also with respect to the new operators L~, ", On. Thus, if Zp c is the signature which extends SBpA~ with these operators, then T(S, pc)/*-~ is a well-defined structure.
Definability
The second rule of Table 8 in 4.6 is remarkable in that it is the only rule in this paper that is not in de Simone format. This fact has the following consequence. Table 9 . Encapsulation
Theorem Suppose A is a set of labels containing at least three distinct elements a, b, c. Suppose further that the communication function ? on A satisfies ?(a, b)=c. Then the continuation operator 9 on G(A) is not definable up to bisimulation equivalence using the de Simone format.
Proof. Similar to the proof of Theorem 3.5. Suppose that 9 is definable using the de Simone format. Then there exists some TSS P with de Simone rules only and a binary function symbol ; in the signature of P such that for all g, h~G(A), g.h*-~g;ph. Let process graphs g, h, g' be as shown in Fig. 5 . Since g. h is bisimilar to g;e h, the graph (s; t, P • tss(LTS (g))@ tss(LTS (h))) must contain an outgoing c-transition from its root s;t. This implies that P contains a rule with conclusion x;y c, t for some t and as premises a subset of {x--~ x', y b, y'}. (Here, the labels of the premises are infered from the form of g, h.)
Using this rule, it is trivial to construct a proof that u;t has an outgoing c-transition in the graph (u;t, P 0)tss(LTS (g'))@ tss (LTS (h))). Thus, g';p h has an outgoing c-transition from the root. But this means that g';p h cannot be bisimilar to g'. h. This gives the required contradiction.
Since the operational semantics of CCS, CSP, Meije and ACP can be defined using de Simone rules, the theorem above implies that our continuation operator cannot be defined up to bisimulation in terms of the operations of these process algebras. Note that the proof above heavily depends on the fact that we use strong bisimulation equivalence and not a weak equivalence that abstracts from internal actions. We expect that it will be possible to define the continuation operator in say ACP up to weak bisimiluation equivalence. Such a result would also clarify why it is possible to translate POOL to ACP [-Va], even though POOL contains a continuation operation that is very similar to the one of APC.
Our definability result suggests that the additional internal computation steps that are introduced in the translation from POOL to ACP are in fact unavoidable.
Axiomatisation
Auxiliary operators
In order to give a finite axiomatisation for the structure T(Spc)/~--' defined in 4.8, we will need some auxiliary operators, comparable to the operators U_, [ in ACP. Since our parallel composition operator is asymmetric, we will need not two but three auxiliary operators: LL, ~, ~. These three operators will form the three components of the merge operator IF': I~, the left-merge, will give the possibilities that the left-hand side performs an action, _~, the right-merge, gives the possibilities that the right-hand side performs an action (together, these two operators give the interleaving), and finally, ~, the communication merge, gives the possibilities that a communication action occurs between the two processes.
The axiomatisation to be presented also uses an additional auxiliary operator 1/. The process l/(x) starts with a l/-event. Next the process x is performed from which however all l/-events have been removed. When no confusion can occur, we will write I/x instead of l/(x).
Signature
Now we will present the signature •APC for our Algebra for Process Creation (APC). As parameters of the signature we have a finite action set A, and a partial binary function 7 on A, which is commutative and associative. Then, we have constants a (for each aeA), constants 3, e, binary operators +, -, [l, [~, [~, ~, and unary operators V, new and ~t~ (for each H ~ A).
When we write a specification in APC, we only use a part of the signature, not the auxiliary operators. Formally, we can declare part of the signature to be hidden, as explained e.g. in Bergstra, Heering and Klint [BHK] or Van Glabbeek and Vaandrager [vGV] . The visible signature of APC is Z = {a]a~A} u {6, e, +,., new} w {On IH ~-A}, whereas the hidden signature contains I~, ~, ~, [', 1/-We will write all specifications in Sect. 5 in the signature _Y'.
Axioms
The axioms of APC are presented in Table 10 . There, a, beA, H c_ A, and x, y, z are arbitrary processes. Notice that the constant e becomes definable, by axiom PC1.
Lemma
We list some useful identities that can be derived from APC.
Proof Mostly straightforward. We give proofs for the difficult identities. i) 6jlx=6~_x+~x+6~x=6+6~x+c~x=6~x+(5~x=(1/6).x=e.x=x;
xl~y).z=(new(x).y).z=new(x).(y.z)=xlt(y.z);
Note that from axiom PC2 and Lemma 5.4ii it follows that the operators new and In can be defined in terms of each other. Also, by 5.4xi, the auxiliary operator k / is definable in terms of _[~ and e.
Transition system specification
We can also give a TSS for the auxiliary operators. The full set is presented in Table 1 i. By Lemma 2.11, bisimulation equivalence remains a congruence. We will prove that the axiom system APC is a complete axiomatisation of T(Xapc)/--~ ~. First, we will need some other results.
5.6 Definition We define some useful sets of terms.
i) The set of bottom terms is defined inductively by: 9 6 is a bottom term; 9 if t, s are bottom terms, then so are a. t and t + s.
ii) The set of basic terms is defined inductively by: 9 6 is a basic term; 9 ift is a bottom term, then l/t is a basic term; 9 if t, s are basic terms, then so are a t and t + s.
Obviously, every bottom term is a basic term. Also, we see that a basic term is a closed term built from the signature 6, +, ]/, a, such that a 1/ occurs at most once in every execution sequence, and such that we have only prefix multiplication (as defined below). 5.7 Definition. We say a term has only prefix multiplication if for each subterm of the form t.s, t is an action, and moreover actions only occur as the first argument of.. This means that for these terms, instead of having constants 
x ~y=x ~_y+ x~y+x~y PCM 6 ~_x = 6 PCL1 ax ~_y = a(x Wy) PCL2 ~x ~y = 6 PCL3 (x + y) ~Z = x ~z + y II'z PCL4 x~x'
x+y'-~y'
a and general multiplication., we could also use a signature with only unary operators a.. Notice that this is the usual situation in CCS and CSP.
Lemma Let t be a basic term. Then there exists a bottom term t' such that APC~-t.6=t'.
In principle, this part of the proof could have been done mechanically also. In fact, the tool Ecrins (see Madelaine and de Simone [MdS] ) has been designed for doing this type of proofs. Unfortunately, Ecrins is not able to deal with TSS rules with a lookahead of more than one, such as the third rule for the 9 operator 9
Suppose from (x.y).z, we can perform a step. This fact is proved by a proof following the rules for 9 in Table 11 . Now look at the last step in this proof.
Case 1 The last step uses the first rule. Thus, x.y can do an a-step. Now look at the last step in the proof of this fact.
Subcase 1.1 This last step uses the first rule. Thus x can do an a-step, to a term x', say. We have x ~ ~ x', and so the steps in the proof were x.y ", x'.y and (x. y)-z "~ (x'. y). z. From the first rule and x " , x', we derive immediately that x. (y. z) a ) Xt. (y 9 Z), and (x'. y). z and x'. (y. z) are again related 9 Subcase 1.2 This last step uses the second rule. Then, we must have x-Y--, x' and y ",y', and so x.y ~,x'l~y' and (x.y).z a,(x'[~y') .2. By the first rule, y a~y' implies y.z ~y'.z, and by the second rule, using x V,x,, we derive x-(y. z) a, X' I~ (Y" Z). Now (x' [~y')" z and x'lb (y" z) are again related. Case 2 The last step uses the second rule. Thus, x.y can do an V-step and z---~z' for some u, z'. Now the only possibility that x.y can do an l/-step, is as a result of rule 2, with x V,x' and y l/,y,, and so, we had x.y V~x'lpy' and (x.y).z--~(x'lby') l~z'. By rule 2, using y I/,y, and z a,z', we obtain y.z ", y'/~z', and by rule 2 again, using x--V-+x ', we obtain x.(y.z) ~, x' I)(Y' ])z'). Now (x' [~y') I~z' and x' I)(Y' Ibz') are again related 9
Case 3 The last step uses the third rule. Thus, x.y can do a l/-step followed by an a-step, z b ,Z' and y(a, b)=c (for some a, b, c, z'). Now, as in case 2, x-y V,implies x V~x' and y I/,y, and x.y ~/,x'q~y'. This means that x'[~y' can do an a-step. This must be the result of one of the three rules for lb.
Subcase 3.1 The first rule for I~ was used. Then, x' a, x" for some x', and so x' [~y' a, x" I~Y' and (x.y) .z c ,(x" I~Y')h~z'. By the second rule for., using y V~y, and z b,z,, we obtain y.z b,y,j~Z,. Then apply the third rule for., using x V,x' a,x", to get x.(y.z) C,x"[~(y'[~z) . Now (x"L~y')lbz and x" ]~(y' [~z) are again related.
Subcase 3.2
The second rule for [~ was used. Then, y' q,y" for some y', and so x' L~Y' a, x' ]~y" and (x.y).z --~(x' I~Y") [~z' . Apply the third rule for., using y ~/,y' ~y" and z b~z ', to get y.z c,.y"[~z' . Then use the second rule for 9 with x v. x' to obtain x.(y.z) ~, x' I~(Y" ]bz'). Now (x' IbY") [bz' and x' L~(Y" I~z') are again related 9
Subcase 3.3 The third rule for ]~' was used. Then a is the result of a communication, say between a' and a". We find x' "', x", y' a", y", and so x' [bY' ~ ~ x" IbY" and (x.y).z C,(x"Lby")[F'z'. Now use the third rule for [I with y V~y, -i;,y,, and z b ,Z', to get y.z ~ '(a'"b~y"llz' . Now notice that by associativity of ? we have that 7(a', ~,(a", b))=c. Applying this in the third rule for q~ again, with x-g--~x ' a!,x", leads to x.(y.z) c ,x" [['(y" [~z' ). Now (x" I~Y")I~'z' and x" (I(Y" I~'z') are again related.
Thus, we see that the transfer property holds from (x.y).z to x.(y.z). All information, needed to prove the converse implication is available above. In a similar fashion, we can prove the transfer property between (x IT' Y)" z and x I~(Y" z), and between (x j~'y)I~z and x I~(yl~z). We conclude that the relation R is a bisimulation, and thus that law A5 holds in T(APC)/~. Also, we have shown that the laws (x)~y).z=x )~(y.z) and (x i~Y)I~z=x ]~(Y ,"-) hold in T(APC)/*-~.
Another interesting case in the soundness proof that we would like to mention is axiom PC4: (l/x).y=x~y+x ['y. In the soundness proof of this axiom (similar to, but much simpler than the proof for A5), we need the soundness of the law x6 ]['y=x p~y. Proof Straightforward induction on the structure of p. Proof Let p, q~T(SAPC) with p~--~-q. We have to prove that APCkp=q. Since T(SAPC)/---~ is a model for APC, the elimination Theorem 4.9 tells us that we only have to prove this for basic terms p, q. A simple argument gives that it is even enough to show that for basic terms p, q
p+q~--~-q =~ APCk p+q=q.
Assume p + q ~ q. We prove APC k p + q = q by induction on size (p) + size (q).
9 p-6: use A1 and A6.
p--a.p':wehavep
a,e.p,. Sincep+q~q, thereisa q'suchthat q a,q, and e.p"--~ q'. By Lemma 4.11 there is a basic term q" with size (q")< size (q), q = a. q" + q and q" = q'. Since p' ~ q", p' + q" ---~ q" and q" + p' ---~ p'. Thus, by induction, p'+q"=q" and q"+p'=p', and hence p'=q". But now we derive that p+q=a.p' +q=a.q" +q=q.
9 p ==-]/p': this case is similar to the previous case. 9 p --p' + p": since p + q ---~ q, we also have p' + q ---~ q and p" + q ---~ q. By induction p' +q=q and p" +q=q. Hence p+q=p' +p" +q=p' +q+p" +q=q+q=q.
Standard concurrency
As a consequence of the completeness theorem, all equations that hold in the model T(SAPc)/---~ can be proven to hold in APC for all closed terms. We list a few of these equations in Table 12 . A name often given to such sets of equations is Standard concurrency.
As consequences of these axioms, we mention the identities (xt~y)
II z = (y II x) I~ z and x IP y = x. 6 It y.
Using these axioms, we can prove a variant of the well-known Expansion Theorem, that is very useful to break down the parallel composition of many processes. Since our parallel operator is not in the visible signature, we will not bother to state it here.
Examples
In order to give some interesting examples of process definitions in APC, we will say a few words about recursive definitions (more can be found in [BK2, 3, vG] ). The domain of the model T(ZAac)/~--~ is too small to interpret recursive definitions since it only contains finite processes. A more appropriate basis for a model is the algebra A/g(APC, A). By Lemma 2.13, strong bisimulation is a congruence on Alg(APC, A), so the quotient algebra Alg(APC, A)/~----is welldefined. Completely analogous to the proof of Theorem 5.10, one can show that Alg(APC, A)/~---is a model for APC.
6.1 Definitions A recursive specification over APC is a (countable) set of equations {X = txlXe V}, where V is a set of variables, and tx is a term over APC, possibly using variables from V, but no other variables. A solution of the recursive specification E in a certain domain is an interpretation of the variables of V as processes such that all equations of E are satisfied.
The Recursive Definition Principle (RDP) says that every recursive specification has a solution. It is routine to prove that RDP holds in AIg(APC, A)/~--~-.
Recursive specifications are used to define (specify) processes. Note that not every recursive specification has a unique solution, for {X = X} has every process as a solution. In order to get a class of recursive specifications with unique solutions, we formulate the condition of guardedness.
Definitions
i) Let t be an APC-term, and X a variable in t. We call an occurrence of X in t guarded if X is preceded by an atomic action, i.e. t has a subterm of the form a.s, with a6A, and the X in question occurs in s. Otherwise, we call the occurrence of X unguarded. ii) A recursive specification {X=txiXeV} is guarded if each occurrence of a variable in each tx is guarded.
iii) The Recursive Specification Principle (RSP) is the assumption that every guarded recursive specification has at most one solution.
Again it is routine to prove that Alg(APC, A)/~----satisfies RSP. In the remainder of this section, we give a number of examples of recursive specifications in APC. We describe a sorting machine, that is always ready to input numbers (less than some upper bound N), and is always ready to output the smallest number it contains. This machine consists of a number of cells that each can contain two numbers, and will dynamically create more cells as they become needed. Our description is based on the description in Kossen and Weijland [KW] , where also a correctness proof can be found (in the setting of ACP0. Consider the configuration in Fig. 6 .
Example 1 : Systolic sorting
The squares in Fig. 6 represent the cells, the lines interconnecting them communication ports. Let D= {did<N} u {stop, empty} be the set of data that can be communicated at these ports. We use the following actions:
The communication function on these atomic actions is defined by:
, and ~ is undefined on all other pairs.
Cell number i has three types of states, depending on whether it contains 0, 1 or 2 numbers. The recursive specification of cell i is given in Table 13 .
If X={xl .... , xk} is a finite set, we use ~ p(x) as an notation for p (xO+... +p(xk) . x~x Now, the sorting machine is given by: SORT=On(C~
Note that SORT has a guarded recursive specification.
Example 2: Queue
The specification of the unbounded (FIFO) queue is one of the recurring issues in process algebra. Examples of recursive specifications can be found in Baeten and Bergstra [-BB] , van Glabbeek and Vaandrager [vGV] . We will give two recursive specifications in APC involving the new construct: the first has an infinite number of equations, the second a finite number. To start with, we give the standard infinite specification of the queue in Table 14 . We denote the queue with contents a (a is a sequence of data elements, treD* for some given finite data set D) by Q,. 2 is the empty sequence, d (for deD) also stands for a one element sequence, and ~rp denotes the concatenation of sequences a and p.
6.5 The second specification in APC will use an unlimited number of cells as in 6.3. This specification is inspired by a similar specification in de Simone Proof. In this proof, we use the axioms of Standard Concurrency of 5.13. Define, for each n> 1 and each aeD*, with a==-dl ...dk, the process R] by R] = an(C, + k I~ pout (dl, n + k-1). go (n + k) I('.. 9 It" pout (dk, n)
9 go (n + 1) 1[' go (n). 6).
We will prove that, for each n> I, R]=Q,. We do this by showing that the Rg satisfy the specification in Table 14 . As a consequence, we derive Using RSP (see 6.2), we can show that the R] satisfy the specification in Table  14 .
Third specification of queue
Next, we will give a finite recursive specification for the queue. In this specification, we will use action renaming. For each function f: A ~ A, we introduce a unary operator p:, that will rename atoms a into f(a), and do nothing else. This operator is axiomatised in Table 16 . Action rules are quite easy to formulate. From Baeten and Bergstra [BB] we know that the queue can be finitely specified in ACP plus renaming. In Table 17 , we give a finite specification in APC plus renaming. Here, we use the renaming function f that renames each pre (d) into near (d), and leaves all other atoms unchanged. The communication function is specified by y(go, near (d)) = out (d) (undefined otherwise). The encapsulation set is H = {go} u {near (d) ld~D}.
In order to see that the specification in Table 17 indeed describes a FIFOqueue, it might be illustrative to consider Fig. 7 .
In this diagram, we have abstracted from data d in actions in (d), out (d), etc. With arrows the 'causal' links between events are denoted. A black line stands for an encapsulation operator OH and a dashed line for a renaming operator p f .
One may imagine that in an execution, events 'bubble' upwards until they have passed through the surface of the topmost encapsulation line. An event cannot move before all its causal predecessors have occurred. A pre-event can pass through both types of lines. However, when it passes through a dashed line, it is renamed into a near-event, near-events and go-events are blocked by a black line. The synchronisation of a near-event and a go-event, however, gives a out-event, out-events, like in-events, can pass through both types of lines.
Along these same lines, we can give a recursive specification for the stack in APC.
6.8 Theorem Q2 = Qx.
Proof(sketch): Similar to 6.6. We define processes S,, that satisfy the specification in Table 14 . The S, are defined by using auxiliary processes T,, that, in turn, are defined inductively: Ta = Cell T~ = On(pi (T~ J( pre (d) . go)) so = O,~(pf(T~ II go. ~)).
The proof that the S, satisfy the specification in Table 14 makes use of alphabet information. For more information on this type of argument, see Baeten, Bergstra and Klop I-BBK].
Example 3: BAG
Along the same lines as for queue, we can give a simple recursive specification for the bag (an unordered channel; a state of the bag can be considered as a multiset of objects). We give the recursive specification in Table 18 , without further comment. 
